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Nonlocal Quantization Principle in Quantum Field Theory and Quantum Gravity 

Martin KobeiE 

Kettenhofweg 121, 60325 Frankfurt am Main, Germany 

In this paper a nonlocal generalization of field quantization is suggested. This quantization prin¬ 
ciple presupposes the assumption that the commutator between a field operator an the operator of 
the canonical conjugated variable referring to other space-time points does not vanish as it is postu¬ 
lated in the usual setting of quantum field theory. Based on this presupposition the corresponding 
expressions for the field operators, the eigenstates and the path integral formula are determined. 

The nonlocal quantization principle also leads to a generalized propagator. If the dependence of 
the commutator between operators on different space-time points on the distance of these points is 
assumed to be described by a Gaussian function, one obtains that the propagator is damped by an 
exponential. This leads to a disappearance of UV divergences. The transfer of the nonlocal quan¬ 
tization principle to canonical quantum gravity is considered as well. In this case the commutator 
has to be assumed to depend also on the gravitational field, since the distance between two points 
depends on the metric field. 


I. INTRODUCTION 

The most important problem of comtemporary fundamental theoretical physics is the unification of quantum theory 
and general relativity. A quantum theoretical setting of general relativity as usual quantum field theory in analogy 
to the description of the other fundamental interactions is not possible, since such a description leads to divergencies, 
which cannot be cured. This fact seems to indicate that the problem of incorporating general relativity to a quan¬ 
tum theoretical description of all fundamental interactions is directly connected to the question, whether the basic 
postulates of quantum field theory in its usual setting can be transferred to such a more fundamental description of 
nature. These basic postulates are related to the idea of the basic structure of space-time. General relativity is a 
background independent theory, which in contrast to the usual setting of quantum field theory, on which the other 
fundamental interactions of the standard model of particle physics are based, does not presuppose a nondynamical 
metric structure of space-time. Quantum theory on the other hand contains a constitutive element of nonlocality, 
which becomes manifest in the famous Einstein-Podolsky-Rosen thought experiment for example. The basic postu¬ 
lates of general quantum theory itself, this means the general Hilbert space formalism in the setting of Dirac without 
relation to additional field theoretic elements, does not contain special assumptions about a space-time structure. 
Therefore it seems to be possible that a quantum theoretical description of general relativity as well as a unification 
of all fundamental interactions appearing in nature could indeed require a decisive modification of the postulates 
usually presupposed in quantum field theory. This holds especially for the basic assumption of local commutativity 
or microscopic causality, which implies that the commutator or anticommutator respectively of field operators at two 
separated space-time points vanishes. 

In accordance with the above explanations in the present paper is suggested a generalization of the quantization 
principle as it is presupposed in quantum field theory and as it is transferred to canonical quantum gravity. Usu¬ 
ally, the commutator or anticommutator respectively between the field and the corresponding canonical conjugated 
momentum is assumed to be proportional to the delta function. In the present paper this quantization principle is 
extended in such a way that the delta function is replaced by a general function, which depends on the distance 
between the space-time points the corresponding operators refer to. This implies that the commutator between 
the field operator and the corresponding operators describing the canonical conjugated quantity on two separated 
space-time points does not vanish anymore. Such a quantization principle establishes a nonlocal structure of the 
quantum description of a theory, violates the posulate of local commutativity and thus can be called nonlocal quan¬ 
tization principle. A natural assumption for the function replacing the delta function is a Gaussian function, which 
as limiting case merges the delta function. It will be shown that under this assumption one obtains a propagator, 
which corresponds to the propagator of usual quantum field theory multiplied with an exponential damping fac¬ 
tor depending on the squared three momentum. This implies that this generalized quantum field theory contains 
no ultra violet divergences. The obtained propagator corresponds to the propagator within the coherent state ap¬ 
proach to noncommutative geometry, which has been developed in Q-i ,Q, extended in i,a and transferred to 
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the gravitational field in In Q also appears a propagator of this structure. It is also possible to formulate this 
generalized quantization principle within the path integral formalism. Such a formulation is obtained by replacing 
the usual inner product between field eigenstates and eigenstates of the canonical conjugated variables by the gen¬ 
eralized one according to the nonlocal quantization principle. This results in a generalized path integral expression. 
If the nonlocal quantization principle is considered as a fundamental description of nature, then one has of course 
to assume that it is also valid for the quantization of the gravitational field. Accordingly it has to be postulated 
a nonlocal generalization of the commutator between the three metric and its canonical conjugated momentum in 
quantum geometrodynamics. With respect to the quantization of the gravitational field, the intricacy arises that 
the distance between two space-time points depends on the metric field. Therefore the commutator also depends 
on the three metric itself. A Generalized quantization principle in canonical quantum gravity and quantum cosmol¬ 
ogy has already been considered in Q. Other considerations of a generalized quantization principle with respect 
to the variables of quantum cosmology and black holes can be found in 0,0- The considerations in 0,0,0 
have transferred the generalized uncertainty principle in quantum mechanics, see 0,0,0 for example, which 
leads to a minimal length, to the variables describing the gravitational field. Another generalization of the quantiza¬ 
tion principle in canonical quantum grav ity, which is based on quaternions and has also been transferred to A^ = 1 
supergravity, has been developed in |14| . However, these generalizations of the quantization principle in canonical 
quantum gravity in contrast to the approach of the present paper remain local. Nonlocality has been considered in the 



_,,0,12Q|,121|,[221,12 
gen eral relativity [T 


63|,l6|,l 



But the 


context of quantum field theor 

0 , 0 , 113 , 0 , 0,0 

and quantum gravity 
concept of a nonlocal qusantization principle has not been studied yet. 

The paper is structured as follows: The generalized formalism of quantum field theory based on this nonlocal 
quantization principle for a scalar field is considered at the beginning. Subsequently, the corresponding generalized 
expression for the propagator is calculated. Especially the mentioned special case is regarded, where the function 
the commutator depends on is assumed to be a Gaussian function leading to a propagator containing an exponential 
damping function, which depends on the squared three momentum with negative sign of the exponent as additional 
factor. This means that the corresponding quantum field theory contains no ultra violet divergences. After this 
the nonlocal quantization principle is considered in the context of canonical quantum gravity and the generalized 
representations of the operators as well as the generalized constraints are formulated. At the end the nonlocal 
quantization principle is transferred to the path integral formula. 


II. NONLOCAL QUANTIZATION PRINCIPLE 

In this section is presented the basic idea of the nonlocal quantization principle in a general way. According to 
the explanations given in the introduction a generalization of the fundamental quantization principle with respect to 
the quantization of fields is suggested. This quantization principle omits the postulate of microscopic causality. The 
generalized nonlocal quantization principle is obtained by the following transition: 


$(a;),n(?/) 


iS^{x-y) 


$(a:),n(j/) 


ia^{x - y), 


( 1 ) 


where <I>(a:) denotes a field operator, n(a;) denotes the corresponding canonical conjugated operator, x and y denote 
three-vectors, 5^{x — y) denotes the three-dimensional delta function referring to a spacelike hypersurface and a^(x — y) 
denotes a general function on the spacelike hypersurface, which is symmetric in x and y and thus just depends on the 
distance of the points x and y. This assumption is natural, if homogenity and isotropy of space shall be maintained. 
The field operator $(a:) and the corresponding canonical conjugated operator n(a;) are generalizations of the usual 
operators, which shall be denoted with 4>{x) and 7r(x) and obey the usual commutation relations: 




i6^{x-y). 


( 2 ) 


The generalized operators can be represented in a specific way by using the usual operators. One possibility is the 
representation, in which the generalized field operator $(x) is equal to ^(x) and the generalized canonical conjugated 
operator is modified. 


6(x) = (j>{x), n(x) = / (fz a^{x — z) n(z), 


(3) 






















3 


and another possibility is the representation, where the generalized canonical conjugated operator is equal to 7r(a;) 
and the generalized field operator is modified, 


<h(a;) = / d'^z a'^(x — z) 4>{z), n(a;) = %{x). 


( 4 ) 


The momentum eigenstates in the representation, where the momentum operator is generalized and where the usual 
operators are represented with respect to the field, looks as following: 


|n[<l>(x)]) = exp 
where (x — y) is defined by the following relation: 




( 5 ) 


j.fyo?{.-y)o?i.-y) = IH.-y). ( 6 ) 

and n(a;) denotes the momentumn eigenvalue corresponding to the momentum eigenstate. This can be seen as follows: 


fl(x)|n) =—i d^ya^(x — y )-—^ exp U / — z)$(w)n(z) 

J o^(y) 


= J d^y d^w d^z a^{x — y)a^{w — z)6{w — y)Il{z)exp i J d^w d^z {w — z)^{w)Il{z) 
= J d^y d^z a^{x — y)d^{y — z)Ti{z) exp i J d^w d^z d^{w — z)<I)(w)n(z) 

= J d^z d(x — z)n(z) exp i J d^w d^z d^ {w — z)^{w)Il{z) 
i J d^w d^z d^{w — z)<I)(w;)n(z) 


= n(a:) exp 
= n(a:)|n). 

The corresponding position eigenstate is given by 


|$[$(a:)]) = 5 ($[$(a:)] - $'[$(a;)]) 


( 7 ) 


( 8 ) 


where $(x) denotes the eigenvalue to the position eigenstate. The inner product for two states referring to the field 
can be defined as 


(vl-[$(x)]|f][<i>(a:)]) 


= on-wi. 


This implies that the inner product of a momentum eigenstate with a position eigenstate is given by 


(9) 


($|n) = exp 


d^w d^z a^{w — z)$(r(;)n(z) 


( 10 ) 


III. DERIVATION OF THE PROPAGATOR IN QUANTUM FIELD THEORY WITH NONLOCAL 

QUANTIZATION PRINCIPLE 

The general concept of the nonlocal quantization principle can now be studied in the context of a scalar field theory. 
In this section the corresponding propagator is calculated in its general shape meaning that no special assumption 
for the special choice of the quantization function is made so far. To determine the propagator, it is necessary to 
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formulate the generalized expression for the plane wave expansion of the scalar field. The following expression for the 
quantum field 




(fp 


j Y^(27r)32wp 
and its canoniocal conjugated variable 




(11) 


n(a;, t) = 


cPp iu 


{p) I d'^z a\x - - al(p)e-*P^+“^‘ 


.y Y^(27r)32a;p 

where a{p) and a^{p) are the usual creation and annihilation operators fulfilling the commutation relations 

[a(p),al(p')] = 6{p-p'), 

obey the generalized commutation relations given in ©• This can be shown as follows: 


( 12 ) 


(13) 




d^p f d^p'wp- I 3 


(27r)^ J yJ2u}p J y^2cjp 


d-^z 


[aip),a\p')] a^ix - z)e^Py-^P'^ + [a(p'), al(p)] a^{y-z)e^^'^ 


2(27r)3 

i 

2(27r)3 


/ f 

S^ip - p')a^{x - 0 )e*Py-‘P'" + S^ip' - p)a^{y - z)e*P'"-*P" 

J vH J 



d^p / d^z [a^{x - z)e*Py^*P^ + a^{y- z)e^P^-^P^] 


d^z \p?{x — z)5^{y — z) + a^{y — z)5^{x — z)\ 


= 2 {x - y) + {y - x)] 

= ia^{x — y). 

The corresponding propagator of the generalized quantum field (ED is obtained by inserting it to the genereal expres¬ 
sion for the propagator in terms of the quantum field, which is given by 

G(a:-y) = (0|T[$(x)l>(2/)] |0), (15) 

where T denotes the time ordering operator |0) denotes the vacuum state. This leads to the following expression: 

d?p 


(14) 


G{x-y) = 


(27r)32po 

where the function a^{x — y) has been defined as follows: 

o!^{x -y) = a^{x - y)5{xo - yo). 

By following the usual procedure of expresssing the 0-function by an integral 


d^z [0(xo - yo)a\x - z)e-^P^+^P^ + 0 ( 2/0 - xo)a\y - , (16) 


9{t) = lim- f dE 

e->0 27rf J 


^ — iEt 


E + ie 


(17) 


(18) 


the expression of the propagator can be transformed to 
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G{x -y)=i 


(Pp dE 1 


(27r)42wp E + ie J 
Changing of the variables according to, 


_ ^)g»P(z-y)-d‘^P+-B)(2o-yo) _|_ _ 2^gip(z-x)-i(i^p+£;)(zo-xo) 


(19) 


E' — E ujp^ 


( 20 ) 


leads to 


G{x-y) = i 


d^p dE' 1 
(27r)^2wp E' — Up + ie 

d^p dE' d'^z 
2(27r)4 

d^p dE' d'^z 
2(27r)4 


d'^z 


a 


'^{x — + p{y — {zo-xo) 


Jp{z-y)-iE' (zo-yo) 

- -—-- P{x - Z)+X' 

ujpE' — Wp + ie 

ip{z~y)-iE' (zo-yo) 


a/p^ + w?E' — \P — m? + ie 


a^{x — z) + X i—> y 


( 21 ) 


By setting 


Po = E' 

one obtains the following generalized expression for the propagator in position space: 


( 22 ) 


G{x -y) = i 


= I 


d?p dpo d'^z 
2(27r)4 


d^p d^z 


oip(z-y) -ipo (zo -yo) 


\/p2 + m?po — — m? + ie 

ipG-y) 


\x - z) + : 


2(27r)'^ — nP + ie 


—P{x — z) + X ■ 


y 


(23) 


IV. SPECIAL MODEL FOR THE NONLOCAL QUANTIZATION PRINCIPLE 

The generalized nonlocal quantum field theory shall now be considered for a special choice of the quantization 
function P{x — y) appearing in (IT|). Since this function should be symmetric in x and y, should become smaller, if the 
distance becomes larger, should vanish at infinity and should merge the delta function in the limiting case, a natural 
choice seems to be a Gaussian function, 


1 (x-y)^ 

3/ A e 2 A 

a [x-y) = 


Av^ ’ 

where A describes the width of the Gaussian function. Accordingly a'^{x — y) reads 


(24) 


a‘^{x -y) = ( 5 (a:o - 2/o) 


1 

e 2 s 

Av^ 


(25) 


If the expression for a^{x — y) given in (1251) is inserted into (1231) . one obtains the expression for the corresponding 
special propagator 


G{x-y) = i J 


d^p d^z 
2(27r)4 


cip{z-v) 


p‘‘ — m‘' + le 


-5 {xq - zo) 


1 (x-z)^ 

e 2 s 

Av^ 


+ xi —)> y 


(26) 
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By using the substitution 


w = X — z. 


(27) 


this expression can be transformed to 


G{x -y) = i 


= I 


d'^p d'^w 
2(27r)4 

d'^p d^w dwo 1 
2(27r)4 aV^ 
d'^p d^ 


ip{x-w-y) 

^- 5 -- 5 (u;o)-^ 

p^-m^ + ie Av^ 


Ap{x-y) 


w 


2(27r)4 Av^ 


p2 _ ^2 _|_ jg 

ip{x-y) 2 

C--^+»Pw 




p2 — 77J-: -(- ig 


(28) 


By substituting w through a according to 


a = 


w 


(29) 


the corresponding integral can be solved and one obtains the final expression for the propagator represented in position 
space of the quantum field theory with the nonlocal quantization principle under consideration of the special choice 
(1241) for the quantization function 


G{x-y) = i 


e 2 P 


d^a A _ A 

(27r)4 0F 
d'^p 


^ip{x-y) 


(2^)^ 


A -Ar.2 

7rAe 2 P 


p2 _ _|_ jg 

gipG-v) 


p2 _ _|_ jg 


ITT A 

iA I 


f d'^P 

' gip(x-v) _|_ ^ip(y-x)- 

1 (27r)4 

p2 _ JJ^2 _|_ 

dip 

(27r)3 p 

^ — m? -\- ie 


e 21 


(30) 


The corresponding expression for the propagator represented in momentum space is accordingly given by 


Gip) 


z 27 r Ae 2 p 
— m? + ie 


(31) 


This means that this quantum field theory in analogy to the situation in noncommutative geometry contains no ultra 
violet divergences, since the propagator contains the damping factor e“ z'P . The special shape of the generalized 

a opamtor corresponds to the one calculated based on the coherent state approach to noncommutative geometry 
Ip where the additional assumption of noncommuting momenta appears, has been found a generalization 
of this propagator even containing no infra red divergences. Accordingly the presented generalized quantum field 
theory, which is based on the concept of a nonlocal quantization principle represents at least under certain consitions 
a promising candidate for an alternative theory to noncommutative geometry. 


V. CANONICAL QUANTUM GRAVITY WITH NONLOCAL QUANTIZATION PRINCIPLE 

If the nonlocal quantization principle is assumed to be a fundamental principle of nature, then of course it has also 
be transferred to the quantum description of the gravitational field. In this section the corresponding generalization of 
quantum geometrodynamics is considered. In quantum geometrodynamics space-time is foliated into a time coordinate 
and a spacelike hypersurface. Accordingly the metric field can be expressed in the following way: 
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(NaN'^-N^ Nb\ 

V N, hab)^ 


(32) 


where hab denotes the three metric on the spacelike hypersurface, N denotes the lapse function and N°' is the shift 
vector. The corresponding canonical conjugated momentum 7r“^ reads 


dhab ISttG 

with K°'^ describing the extrinsic curvature 

Kab = ^ (hab - DaNb - DbNa) . (34) 

Since the generalization of the delta function should because of homogenity and isotropy of space just depend on 
the distance of the two space points of the field operatopr and its canonical conjugated operator and with respect to 
the canonical quantum description of general relativity the distance of two space points depends on the three metric 
itself, the commutator depends on the three metric as well. This situation is similar to the generalized quantization 
principle which has been developed in Q. The distance D between two points, x and y, on the spacelike hypersurface 
on which the three metric hab is defined, is given by 

rU I cIt^ 

Dix,yM=jjX^habW--. (35) 

In case of the variables of quantum geometrodynamics, this leads to the following generalized commutation relation 
between the components of the three metric and its corresponding canonical conjugated quantity 


[hab{x),p^^{y)\ = ^ - 5^51) [D{x, y, h)] . 

The corresponding nonlocal operators can be expressed as follows: 


(36) 


hab{x)\'i'[h]) = hab{x)\'i'[h]), 7f“*'(a;)|4'[/i]) = J d^y [D{x,y,h)] jj-^^\-^[h]). (37) 

And the corresponding quantum constraints are obtained by inserting the operators dSzl) to the corresponding classical 
constraints 


nix)Mh]) = 


l6TrGGabcd[h(x)]Tf°’'^{x)TT’'‘^(x) - 


h(a 


IGttG 


(i?[/i(a:)] 


- 2A 


167rGGo6cd[/i(a;)] / d'^y d'^2 [D(x, y, h)] [D(x, z, h)] 


+^(«Kx)1-2A) 


im) = 0 , 


Ha(x)\'^[h]) = -2DbTT'^aix)\'^[h]) =-2Dbhac(x) / d-^z [D(x,y,h)] 


Shbc(y) 


|vlr[h]) = 0, 

(5^ 

Shab(y)Shcd(z) 


|vI/[/l])=0, 


where Gabcd is defined according to 


(38) 


Gabcd 


1 

2Vh 


(hachbd “t” hadhbc habhcd) ■ 


(39) 

















If the special case of the assumption of a Gaussian function for the quantization function is considered, this function 
is in case of quantum geometrodynamics of the following shape: 


1 [P(3:,y)]^ 

a^[D{x, y, h)] = , (40) 

where the squared difference between the space-time points has to be replaced by the distance function D{x,y,h) 
depending on the three metric hab, too. 


VI. PATH INTEGRAL QUANTIZATION 


Of course it has to be possible to formulate the generalized quantization principle, which is given in © by gener¬ 
alization of the usual commutation relations belonging to canonical quantization, within the path integral formalism 
as well. To obtain such a formulation in the framework of path integrals, first the general expression of the transition 
amplitude between two states separated by an infinitesimal time interval has to be modified according to the general¬ 
ization of the canonical quantization condition. The transition amplitude between a state |4?(t)) at time t and a state 
|$'(t -I- dt)) at time t + dt is given by 




j dn ($' exp 

—i dt ^ 

d^x ii ^$(x),n(a;)^ 

j dn ($' exp 

—i dt 

^ d^x Ti. (4>(a;), n(a;)) 


|n)(n|$) 

|n)(n|ci>). 


(41) 


Usually the inner product between an arbitrary eigenstate of the field operator and an arbitrary eigenstate of the 
momentum operator reads )(n|$) = exp [i f d^x <i)(a;)n(a;)]. In case of the nonlocal quantization principle the general 
inner product is given by (ITUl) . Inserting of (fTUl) to (HTl) leads to 


($'(t -I- fit)|<i)(t)) = J dU exp —idt j 'H (4>(a;), n(a;)) -I-1 J d^w d^z a^{w — z) 


(42) 


By using the expression of the transition amplitude for an infinitesimal time interval in case of the nonlocal quantization 
principle, the corresponding transition amplitude for a non infinitesimal time interval can be determined as usual in 
the following way: 


{^{tb)\<^{ta)) = lim / d$i...d$jv($(t6)|$iv)...($l|$(<a)) 

N —¥00 I 


N N 


= lim / TT TT dUk 

N^oc I 


exp 


k=0 


N+l 


/ d^x [ f d^z a^{x - z) {^kix) - ^k-iix))Ilk-iiz) 

k=i 

-n{<^k{x),Uk-i{x)))] 


= / P [$(a:)] P [n(x)] exp 


rtb 


ij dt J d'^x[ I d'^z a'^{x — z)Il{x)^{z) 


(43) 


This represents the analogue generalization from the usual quantization principle to the nonlocal quantizastion prin¬ 
ciple in the path integral formalism. 


VII. SUMMARY AND DISCUSSION 

In this paper has been suggested a generalization of the concept of quantization within quantum field theory. 
The generalization consists in the assumption that the commutator between the operator describing the field, which 
is quantized, and the operator describing its corresponding canonical conjugated momentum does not vanish, if 
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the two operators refer to different space-time points, as it is presupposed in the usual setting of quantum field 
theory. Accordingly the delta function appearing on the right hand side of the quantization condition usually, has 
to be replaced by another function, which does not vanish, if the space-time points the two operators within the 
commutator refer to are not equal. Because of the postulate of homogenity and isotropy of space, this function should 
be assumed just to depend on the distance between the two space coordinates. According to this nonlocal quantization 
principle generalized field operators have to be defined fulfilling this generalized quantization conditions. Based on 
the generalized expression of a scalar field operator, the corresponding generalized expression for the propagator 
has been calculated, which of course directly depends of the generalization of the delta function appearing in the 
generalized quantization condition. If the natural assumption is made that the quantization function is described by 
a Gaussian function, then one obtains a special shape for the propagator with an exponential containg the negative 
square of the three momentum as damping factor. Thus the propagator corresponds to the propagator found in 
the coherent state approach of noncommutative geometry and contains no ultra violet divegences. This is a very 
important hint that this generalization of quantum field theory omitting the postulate of locality with respect to 
the basic quantization condition could indeed represent a promising candidate for a generalization of quantum field 
theory similar to quantum field theory on noncommutative space-time. Since such a quantization principle should be 
interpreted as fundamental property of nature, it has analogously to be transferred to the quantum description of all 
field theories including general relativity. This implies the necessity to generalize the canonical quantum description 
of general relativity as well. In this paper has been given a consideration with respect to quantum geometrodynamics, 
which has not been elaborated completely yet. But the quantization function has in each case to be assumed to 
depend on the gravitational field, since the distance between to space points depends on the CTavitational field. This 
leads to a similarity to a generalized quantization principle within canonical quantum gravity [8| in accordance with a 
generalized uncertainty in quantum mechanics, where the right hand side of the quantization condition depends on the 
operators themselves. It has also to be possible to incorporate the nonlocal generalization of the quantization principle 
to path integrals. This has been done by replacing the usual inner product between an arbitrary eigenstate of the field 
operator and an arbitrary eigenstate of its canonical conjugated variable by the corresponding generalized one. Based 
on this generalization of path integrals it is in principle possible to incorporate the nonlocal quantization principle to 
gravity by using the path integral formalism. In general it could be very interesting with respect to further research 
projects, to formulate a full quantum description of general relativity based on this concept. Perhaps because of the 
ultraviolet behaviour of the commutator it can even contribute to circumvent the problem of nonrenormalizability of 
the quantrum description of gravity in the framework of usual quantum field theory. An additional important task 
would be to determine an upper limit for the parameter A within the Gaussian function, since the generalization of 
the quantization principle must not get in conflict with the usual description of quantum field theory at low energies. 
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